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A CONTINUUM MODEL FOR CURVILINEAR
LAMINATED COMPOSITESt

R. A. GROT

Department of Aerospace and Mechanical Sciences, Princeton University, Princeton. New Jersey 08540

Abstract-The governing kinematical, dynamical and constitutive equations of an approximate theory for a
curvilinear laminated body are presented. Starting with two-term expansions of the field variables about the
midsurfaces of the discrete layers, it is shown that in the first approximation the deformation of a curvilinear
laminated body is described by three vector fields, termed the gross motion and the local deformations.
Dynamical balance laws are derived for the resultant stresses and moments of stress. A constitutive theory is
formulated for nonlinear elastic materials. A simplified version of linear constitutive equations is discussed and
specific forms of the balance laws and constitutive equations are given for cylindrical and spherical laminated
bodies.

NOTATION

Throughout this paper we use standard vector and tensor notation. Bold face letters indicate vector or tensor
quantities. Upper case italic subscripts assume the values 1,2, 3 and indicate tensors in the Lagrangian system XII..
They are raised and lowered by the metric tensor GlI.L and its inverse GlI.L. Greek subscripts and superscripts
assume the values 1, 3 and are referred to the XI, X 3 components of the Lagrangian system. Lower case italic
subscripts assume the values 1,2,3 and specify tensors in the Eulerian system Xl. They are raised and lowered
by the metric tensor gkl and its inverse gkl. Superscripts and subscripts in parentheses indicate whether a quantity
belongs to a reinforcing layer or a matrix layer; they are not tensor indices.

1. INTRODUCTION

IN A recent series of publications [1-4J an approximate theory for a laminated body,
fabricated by alternating a matrix layer and a fiber-reinforcing layer, has been derived and
analyzed. The theories discussed in Refs. [1-4] have been restricted to plane laminae. In
this paper we generalize the theory ofa laminated body to include layering whose geometric
structure is not necessarily planar. We consider a laminated solid formed by the compound
ing of matrix layers and fiber-reinforcing layers in such a way that the interfaces of the
layers are parallel surfaces. As examples of such bodies we mention laminated cylinders of
arbitrary cross section, laminated spherical shells and laminated domes.

Conceptually, the states ofdeformation and stress in laminated bodies can be determined
by solving the governing system of balance laws within each layer, and by satisfying various
continuity conditions at the interfaces and certain boundary conditions on the bounding
surfaces. In practice this is impossible to carry out. Fortunately, in many applications one
is not interested in the detailed deformation within each layer but only in certain gross
quantities. In that case the system ofdiscrete layers can be approximated by a homogeneous

t This work was supported by the Advanced Research Project Agency of the Department of Defense through
the Northwestern University Materials Research Center.
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continuum model. This is accomplished by representing the motion within each layer by a
two-term expansion and by averaging over the thicknesses of the layers. In this continuum
model of a laminated body the kinematics is described by three vector fields: the gross
motion and two local or "micro" motions. By requiring that the motion is continuous at the
interfaces of the layering it is shown that these kinematical variables satisfy a constraint
condition. In Section 2 we present the geometrical and kinematical ideas necessary for the
development of a continuum model of a curvilinear laminated body. In Section 3 we derive
the corresponding balance laws by integrating Cauchy's balance laws of linear momentum
and moments of these equations and passing to the continuum model. This process is
justifiable if the characteristic length of the deformation is large compared to the thick
nesses of the layers and if the ratio of the thicknesses of the layers to the minimal principal
radius of curvature of the lamina is small compared to unity.

In Section 4 we formulate a constitutive theory for nonlinear elastic material with a
lamellar structuring.t In Section 5 the equations are linearized for isotropic materials. In
Section 6 we present the constraint conditions, balance laws and linear constitutive equa
tions for cylindrical laminated bodies and for spherical laminated bodies.

2. GEOMETRY AND DEFORMATION

We consider a system of parallel surfaces and choose a coordinate system X K of the
undeformed body, such that X 2 is perpendicular to the family of surfaces. The coordinates
X \ X 3 are taken as surface coordinates of one of the surfaces (the surface X 2 = 0) whose
unit normal vector is v. In a cartesian system Z the family of surfaces is defined by

Z = Z(XI,X3)+X2V(XI,X3). (2.1)

Since v is a normal to the surface X 2 = 0, we have

(JaZ, V = 0, (X = 1,3.

We introduce the base vectors GK of the coordinate system X K as

Ga= oaZ

G2 = 02Z1 = V.

From (2.1) and (2.2) it follows that the metric tensor GKL = GK • GL has the form:

A 2~ 22~~

GaP = Ga' Gp = 'Jap- 2X Bap+(X ) B~Byp

G2P = Gp2 = °
G22 = 1,

(2.2)

(2.3)

(2.4)

where GaP is the metric tensor of the surface X 2 = 0, and Bap is its second fundamental
form:

G~ G~YP = (jY
a:; a

t The theory formulated here resembles a micromorphic material with internal constraints.

(2.5)

(2.6)
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If we define

G == det(GaP )

G == det(Gap ),

then it can be shown (see Thomas [5, p. 105]), that

.JG = .J(G)K*,

where

and

R = det RaP'
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(2.7)

(2.8)

(2.9)

(2.10)

In the sequel we will need the following relations for the Christoffel symbols of the second
kind:

(2.11)

We consider a laminated composite which before deformation consists of alternating
parallel sheets ofa matrix and fiber-reinforcing layers. Wechoose the curvilinear coordinates
X K such that the coordinates Xl, X 3 are surface coordinates of a family of parallel surfaces,
discrete members ofwhich coincide with the interfaces ofthe lamination, and the coordinate
X 2 is in the direction ofthe normal to the lamination. The system X K is defined by equations
(2.1) and (2.3). We assume that the thickness of the fiber is dJ and the thickness of the matrix
is dm . We fix our attention on the kth pair of layers and introduce the local coordinates
Xfn and Xfm) at the center of the kth fiber and kth matrix (see Fig. 1).

Within the kth pair of layers we express (2.1) in terms of the relative coordinate system

where Z(Jk) and Z(mk) satisfy

ZU"k) - Z(mk) = !-(df + dm)v·

We define the basic vectors within the kth reinforcing and matrix layers as

(2.12)

(2.13)

G(Jk)a = 8aZ(Jk)'

G(mk)a = 8aZ(mk)'

G(Jk)2 = V

G(mk)2 = v,
(2.14)
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FIG. I. Element of the kth pair of layers.

where rt. = 1,3, and also the basic vectors at the corresponding midsurfaces

G(Jkla = 8/Z(Jk), G(Jkl2 = V

G(mkla = 8 aZ(mkl' G(mk)2 = v.

If we define G(Jk)' G(mkl

G(Jk) = det(G(JklaP); G(JklaP = G(Jkla . G(JklP

G(mkl = det(G(mklaP); G(mk)aP = G(mk)a' G(mklP

(2.15)

(2.16)

G(Jkl = det(G(Jk)aP);

G(mkl = det(G(mklaP);

we obtain from (2.8) that

G(Jklap = G(Jk)a . G(JklP

G(mklap = G(mkla' G(mklP'

(2.17)

.j(G(Jk») = .j(G(Jkl)KUk )

.j(G(mkl) = .j(G(mk»)K(mkl'

where

* - 1 2X- 2 B- y (X2 ))J(Jkl
K(Jk) - - (Jl (Jk) y+ (J) G

(Jkl

* 1 2-2 B y (X2 )2 B
(mkl

K(mk) = - X(ml (mkl Y+ (m) G .
(mkl

(2.18)

(2.19)

In equations (2.19), we have defined

B(Jklap = 8 pG(Jkla' v;

B(mk)aP = 8 pG(mk)a' v;

B(Jk) = det(B(Jk)aP)

B(mk) = det(B(mklaP)'

(2.20)
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(2.21)

(2.22)

If the characteristic length of the deformation is large compared to the thicknesses of the
layers, then within the kth pair of layers we can approximate the motion by

X:lk) ~ X:lk)(Xt, X[Ik) , X 3
, t) +X[f)t/J(fk)2

1(X l
, Xijk), x3, t)

I '" -I (Xl X 2 X 3 ) X- 2 .1, I(X l X 2 X3)X(mk) - X(mk) , (mk), ,t + (m)'I' (mk)2 , (mk), , t ,

where we have referred the motion to an arbitrary coordinate system (Xl) of the deformed
body. In equations (2.21), x:fkl and x:mk) represent the motion of the midsurface of the
reinforcing and matrix layers, respectively; t/J(fk)/ and t/J(mk)2

1 give the antisymmetric shear
and symmetric thickness stretch deformations of the fiber and matrix, respectively.

Ifwe change the coordinate system (Xl) of the deformed body to a coordinate system (l)
where the transformation is given by

yi = hi(xl
),

then in the system (yi
) we can write the approximate motion (2.21) as

I '" -I (Xl X 2 X 3 )+X-2 I(X l X 2 X3)Y(Ik) - Y(Ik) , (Ik)' , t (f)({J2(Ik) , (Ik)' ,t

I '" -I (Xl X 2 X 3 ) X- 2 I(X l X 2 X3)Y(mk) - Y(mk) , (mk) , , t + (m)({J2(mk) , (mk) , , t .

Using (2.21) and (2.22), we obtain

(2.23)

(2.24)

I I· -2· I· -2 oh
l

.
Y(fk) ~ h (X~Ik)+ X(f)t/J~(Ik») ~ h (X~Ik»)+ X(f)oxit/J~(fk)

I I· -2· I· -2 oh
l

.
Y(mk) ~ h (X~mk)+ X(m)t/J~(mk») ~ h (X~mk»)+ X(m)oxit/J~(mk).

Comparing (2.24) with (2.23), we obtain the following transformations for X:lk) , x:mk)'

t/J~(Ik) and t/J~(mk):

and

-I hl(-i)
Y(fk) = X(Ik)

-I hl(-i)Y(mk) = X(mk)

(2.25)

(2.26)

(2.27)

I oyi
.

((J2(Jk) = oxit/J~(Ik)

I oyi
.

((J2(mk) = oxit/J~lmk).

In the sequel it will be found convenient to use vector notation. We introduce in the
deformed body a cartesian coordinate system (Zl) which is related to the coordinate system
(Xl) by

Zl = ZI(Xi)

xi = Xi(ZI).

We define the position vectors Pllk) and P(mk) of the kth reinforcing and matrix layers, re
spectively, as , .

P(Ik) = zIIk)ll;
I •

Plmk) = zlmk~';

Z:Ik) = ZI(Xllk»)

Z:mk) = Z'(X(mk»)'

(2.28)
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(2.29)

where i l are the unit base vectors of the cartesian system (Zl). We can now express (2.21) in
vector notation:

PUk) ::::::: P(/k}(X
1

, Xirk)' X
3

, t)+Xir)+(/k}2(X 1
, Xllk) X 3

, t)

P(mk) ::::::: P(mk)(X 1
, Xfmk), X 3

, t)+ X&')+(mk)2(Xl, Xfmk}' X 3
, t),

where P(fk) and P(mk) are the midsurface position vectors after deformation of the kth
reinforcing and matrix layers, respectively:

- -I'P(Jk) = Z(fk}ll;

- -I'P(mk) = Z(mk~l;

-I I(-i)Z(Jk) = Z X(fk)

-I I(-i)z(mk) = Z x(mk) ,
(2.30)

and +(fk)2 and +(mk)2 are the local displacements of the reinforcing and matrix layers,
respectively:

+(Jk)2 = !/J(Jk)2
I
g(Jk)1

+ (mk)2 = !/J(mk)2
I
g(mk)/'

(2.31 )

In equations (2.22), g(Jk)1 and g(mkl/ are the base vectors gl(xi ) of the coordinate system (Xl)
evaluated at x{Jk) and X{mk) , respectively:

(2.32)

(2.33)

AIl the quantities introduced in equations (2.29) or equivalently (2.21) are not in
dependent. The position vector must be continuous at the interfaces of the laminated
composite. For the kth pair of layers this requires that PUk}, P(mk)' +(Jk)2 and +(mk)2 satisfy:

P(fk)(Xl, XfJk)' X 3
, t)-P(mk)(X 1

, Xfmk), X3, t)

= d{+(fk)2(Xl, Xllk), X3, t)+ ~n+(mk)2(Xl,Xlmk}, X 3
, t),

where dI and dm are the thicknesses before deformation of the reinforcing and matrix
layers, respectively.

We construct a continuum model of a curvilinear laminated medium by foIlowing the
same reasoning employed in the case ofplane lamination [1-4]. We introduce field variables
which are continuous functions of X 2 and whose values on the discrete surfaces X 2 = Xirk)
and X 2 = X[mk) are the actual values of the midsurface position vectors and local displace
ment vectors. This is indicated by writing p(J)(XK

, t) instead of P(fk)(X 1
, X[Jk)' X 3

, t), etc.
Also, the continuity condition (2.24) suggests that p(J) and P(m) should be represented by the
same vector field p(XK , t), termed the gross position vector, at different locations. By noting
that X&'k) = Xirk} -1(dm+dJ), and by assuming that the thicknesses of the layers are small,
the difference relation (2.33) can be replaced by

(2.34)
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Formally, the passage from (2.33) to (2.34) is justified by taking the limit df --+ 0, dm --+ 0,
such that 1'/, defined by

df
1'/ = d +d ' (2.35)

f m

is held constant. It is assumed that the continuity conditions (2.34) hold at each point of the
continuum. We are thus replacing the discrete system of parallel layers by a continuum
with microstructure.

To write (2.34) in component form we note that the above reasoning is equivalent to
replacing x:f) and x:m) by Xl, and z{f) and z{m) by zl. The gross position vector p is given by

P- = zii·
J'

where zi is related to Xl by

Zi = Zi(xl)

Xl = X1(Zi).

Introducing the base vectors gl

we see from (2.36) that

Also, decomposing \jJ(f)2 and \jJ(m)2'

\jJ(f)2 = W(f)2 Ig1

\jJ(m)2 = W(m)2 1g1,
we obtain from (2.34) that

82x l(XK, t) = I'/W(f)21(XK, t)+(l-I'/)W(m)21(XK, t).

(2.36)

(2.37)

(2.38)

(2.39)

(2.40)

(2.41)

(2.42)

In the continuum model of a curvilinear laminated composite, the kinematic variables
are p, \jJ (f)2 and \jJ(m)2' These variables are not independent but must satisfy the continuity
condition (2.34) or equivalently in component form (2.41).

It is often convenient to introduce the gross displacement vector U

U(XK
, t) = p(XK, t)-P(XK)-b,

where p(XK
) is the gross position vector before deformation:

p(XK
) = Z(XK

), (2.43)

and b is the vector from the origin of the cartesian system (ZK) to the origin of the cartesian
systems (zk). If we introduce the components of U, \jJ(f)2' and \jJ(m)2 in the direction of the
base vectors GK = GK(XK)

u = UKGK

\jJ(f)2 = (W(f)/ + <5~)GK; W(f)2 1 = gk(W(fl2K+ <5~)

\jJ(m)2 = (W(m)/ +<5~)GK; W(",)2 1 = gk(W(m)/ + <5~),

(2.44)

(2.45)

(2.46)
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where the shifters g~ are defined by
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(2.47)

(2.48)

we can express the constraint condition (2.41) as

UK
;2 = Yf!/J(f)2 K +(1- Yf)!/J(m)/'

where

K K { K } MU ;L = 0LU + M L U .

3. DYNAMICAL BALANCE LAWS

(2.49)

(2.50)

(3.2)

(3.1)

Within each layer the dynamics of the material is fully described by Cauchy's law.
For the kth pair of reinforcing and matrix layers, this implies that

ojt{fk) + {I I.} t{fk) +P(fk)fUk) = p(fk)aUk)
] g(/k)

. {I} .O}tfk)+ I' ttmk) +P(mkl(mk) = P(mk)a(mk)'
] g(mk)

where t{fk) and t{mk) are the stress vectors acting on the jth coordinate surface of the kth
reinforcing and kth matrix layer, respectively; f(fk) and f(mk) their respective body force
vectors; P(fk) and p(mk) their respective mass densities in the deformed body; and a(fk) and
a(mk) their respective accelerations. If we introduce the Piola stress vectors [6, 7]

J(fk) = det(oKx;fk»)

J(mk) = det(oKx;mk»)
(3.3)

and the undeformed densitiest

Pf = PUk/Uk)

Pm = P(mk/(mk),

we can write the balance laws (3.1) and (3.2) in the form [6,7]

t We assume that PI and Pm are constants, i.e. the layers are homogeneous.

(3.4)

(3.5)

(3.6)
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Introducing the relative coordinate systems at the midsurface of each layer, we can express
(3.5) and (3.6) as

8.lKU-k)T'(lk») +KU-k)T'(lk) { fi } +O2(Ktrk)Tffk»
fi ex G(fkl

+PfKUklCfk) = pfK(fk)a(fk)

aIlJK(mk)T(mk»)+K~k)T(mk){ fi} +a2(K~k)Tfmkl)
/3 ex G1mk )

(3.7)

(3.8)

where GUk1 and G(mk) are the metric tensors of the midsurface of the kth fiber and matrix
layers, respectively: K Uk) and Kt"k) are defined by (2.19). In deriving (3.7) and (3.8) we
have used the identities (2.11).

To obtain the balance laws of a laminated composite we integrate (3.7) and (3.8)
over the kth pair of layers:

aT-a: 1. UkJ(K* Ta: ){ fi }
Il (k) + d .+d mt Uk) (fk) _

J m fi l1. Gifk )

1 . (mk)(K* Ta: ){ fJ }+d +d mt (mk) (mk) _
f m fJ ex G lmk)

+d ~ d {[Ktfk)TffklJxtfl=-tdf - [KtrhjTffklJxffl~ -tdj
f m

+ [Ktmk)Tfmh)JXtm)~tdm - [Ktmk)Ttmk)Jxtml= -tdJ + pf(k) = pi(k)' (3.9)

where we have defined

where

iT'a: _ 1 . (fk)(K* Ttl) 1 . (mk)(K* Ttl )
I(k) - ddmt ([k) (fk) +-dd mt (mh) (mh)f+ m f+ m

f- - 1 . (fh)( K* f) 1 . (mk)( K* f )P (h) - -dd mt Pf (fk) (fk) +-dd mt Pm (mk) (mh)
f+ m f+ m

- _ 1 . (jk l( K* ). 1 . (mkl( K* )
pa(k) - -dd mt PI (/k)a(mk) +-dd mt Pm (mkja(mk)'

f+ m f+ m

(3.10)

(3.11 )

(3.12)

(3.13)

In the above equations we have found it convenient to use the following notation to
indicate integration over the kth reinforcing layer of a function g(fk)(X 1, xlfk ), Xlfl , X 3, t) :

(3.14)

and similarly for integration over the kth matrix layer.
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The passage to the continuum model is made by introducing field variables T"(x K
, t),

f(XK
, t) and a(XK

, t), which at some point X 2 within the kth pair oflayers assume the values
T~kl' f(k) and a(k)' Also, assuming that

d
-"'«1R- , (3.15)

where R is the minimum radius of curvature of the midsurfaces, we can write in the first
approximation

(3.16)

where G is the metric tensor at some point X K in the kth pair of layers. Consistent with
(3.15), in the integrals (3.lOH3.12), we can set

KU-k) ~ K(mk) ~ 1. (3.17)

For the interfacial stress vector we introduce a vector function I:2(XK
, t) which on

the discrete interfaces of the lamination coincides with the interfacial stresses. Using the
continuity of stress at the interfaces we can write the expression in brackets in (3.9) as

1
d +~ d {[Ku-klTfmJxTn=±dr-[KU-k)Tffk)Jxln=-±dr
f m

=-dI
d

{KU-k)(tdf )I:2(X 2 +df )+ [K(';"k)(-!dm)
f+ m

- KU-k)( --!df )JI:2(X 2
)- K(';"kl-tdm)I:2(X 2

- dm)},

which in the first approximation can be replaced by

~ 02I:2+ { K} I:2,
K 2 G

(3.18)

(3.19)

where we have used (2.11).
Similarly, from (3.12) and (2.29), to within first order terms, the average acceleration

a(XK
, t) can be written as

(3.20)

Thus the balance of linear momentum for a curvilinear laminated composite can be
expressed as

(3.21)

The remaining dynamical balance laws for a curvilinear laminated composite may be
derived by multiplying (3.7) by Xff) and (3.8) by Xfm) and integrating over the respective
layer thicknesses. For the reinforcing layer we obtain
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where we have defined

M~2 1 . t(fk)(X-Z K* Ttl )
(fk) = d m (f) (fk) I (fk)

f

2 1. (fk)(-2 K* )w(fk) = d mt X(f) (fk)8(fk)'

f

Integration by parts of the integral appearing in (3.22) yields

1. (fk)(X-Z O{KUklTffk») _ 1 {[K* T Z ] [K* T Z ] } T2d mt (f) oXZ - 2' (fk) (fk) Xtn=tdf + (fk) (fk) Xtfl= -tdf - (fk)'
f (f)

where

449

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)-2 1. <Jk)(K* T2 )
T(fk) d mt (/k) (Ik)'

f

In the continuum model of a laminated medium the term in brackets in (3.26) can be
replaced by I: 2(XK

, t); thus (3.26) reduces to

(3.28)

where we introduce a field quantity T[n(XK
, t) which at some point X 2 within the kth

reinforcing layer assumes the value Ttfk)' Similarly, we replace the quantities MiA), Itfk)
and rorfk) by vector fields M(J)(XK

, t), Iff)(XK
, t) and wtn(XK

, t), respectively. Using (2.29)
and (3.15) in (3.25), in the continuum model rolf) has the form

(3.29)

(3.32)

where

Jf = iz(dff. (3.30)

Substituting (3.28) and (3.29) in (3.22) we see that, in the continuum model, the balance
of moment of momentum for the reinforcing layer becomes

O"Mi})+MiJ.{ f3} +I:2-Tln+pflfn = Pf Jf t¥(f)2' (3.31)Prx G

Similarly. for the matrix, we deduce that

O"M(~)+M(~){ P } +I:2-Ttm)+Pm1tn = PmJ mWlm)2'
P Cl G

By using the identity

(3.33)
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and (2.11), equations (3.21), (3.31) and (3.32) can be put in the form

(3.34)

(3.35)

(3.36)

If we choose a coordinate system Xl of the deformed body with base vectors g" we can
write (3.34)-(3.36) in component form:

where

'II! = fl!'g,

I;2 = ~:Z'g,

M aZ MI!ZI-
1 (f) = (f)g,

M(~) = M(~:gl

-Z -ZI
T(f) = T(f)g,

Tfm) = Tl~~l

f=j!gl

Iff) = IV~1

) 2 i2l 
(m) = (m~"

(3.37)

(3.38)

(3.39)

(3.40)
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(3.43)

;:l M",ZK M"'ZK{ L} M"'ZN{ K} ~ZK T-ZK [ZK J .i: Kv", (f) + (f) + (f) + Lo - (f) + PI (f) = PI I'I'(f)Z
LIXe; NIXr;

;:l M",ZK M"'ZK{ L} M",ZN { K} ~ZK T-ZK [ZK J .i: Kv", (m) + (m) + (m) +Lo - (m)+Pm (m) = Pm m'l'(m)Z ,
LIXr; NIXe;

where

Similarly, the balance laws (3.21), (3.31) and (3.32) can be expressed in component
form in the system (XK

):

a",T"'K+T"'K{ L } +T"'N{ K } +aZ~ZK{ L } +~ZN{ K } +pJK = pUK
LIXr; NIXr; L2r; N2e;

(3.41)

(3.42)

T'" = T"'KGK,

:EZ = ~ZKGK'

M "'Z M",ZKG-
(f) = (f) K'

M"'Z M",ZKG-
(m) = (m) K'

-z -ZK-
T(f) = T(f)GK ,

-z -ZK-
T(m) = T(m)GK,

f = JKG K,

T"" = g'KT"'K

:Ell = gIK:E ZK

M,(J: = glKM(]~

M'(~: = gIKM'(;'~

-z, -I -ZKT(f) = g KT(f)
-ZI -I -ZKT(m) = g KT(m)

p = glKJK

(3.44)

[ZI -I [ZK(f)=gK(f)
[Z, -I [ZK
(m) = gK (m),

Z [ZKG-I(f) = (f) K'

Z [ZKG-I(m) = (m) K'

and glK is defined by (2.47).
The system of equations (3.21), (3.31) and (3.32), or the equivalent forms (3.34)-(3.36),

(3.37)-(3.39) or (3.41)-(3.43), form the basic balance laws in the continuum model for a
curvilinear laminated composite. The boundary conditions corresponding to the balance
laws are

(3.45)

T"'N",+:EZN z = H

M'(})N", = Hff)

M'(;')N", = Hfm),

where N is the normal before deformation of the boundary

N = N"'G", +NZG z

and H, H~f)' Hfm) are specified vector functions on the boundary. See [3] for a discussion of
these boundary conditions.

4. CONSTITUTIVE EQUATIONS FOR ELASTIC CURVILINEAR
LAMINATED COMPOSITES

To the kinematical and dynamical equations of a composite material formulated in
Sections 2 and 3 must be added the constitutive equations relating the stresses and stress
moments to the deformation. In principle these constitutive equations in the continuum
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model can be derived from equations (3.10), (3.23) and (3.27), when the constitutive relations
of the reinforcing and matrix layers are specified. In this section we present the constitutive
relations for a laminated composite whose layers are elastic. Thus, within the kth pair of
layers the stress-deformation relations are

(4.1)

(4.2)

where Ff and Fm are the stress potentials of the reinforcing and matrix layers, respectively.t
From equations (2.29) we have that

0a:P(Jk) ~ Oa:PUk) + Xrnoall1(fk)2

02P(fk) ~ 'iI(!k)2

and
Oa:P(mk} ~ 0a:P(mk) +XfmAxll1(fk)2

02P(mk) ~ 'iI(mk)2'

We introduce the stress potential F(k\ of the kth pair of layers as

(4.3)

where we have used (4.2) and (4.3) in (4.1). From (3.10), (3.23), (3.27), (4.1) and (4.4), we
obtain

1%2 iJF(k)
11M (fk) = P ~(O .1. )

v 1%"t"(fk)2

(4.5)

(4.6)

(4.7)

(4.8)

(4.9)

t We suppress the dependence of the constitutive functions Ff and Fm on the matrix tensor Gn and various
director fields D(<Z) which define the symmetry properties of the material.
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(4.10)

Following the reasoning of Section 3, to obtain the constitutive relations in the con
tinuum model of an elastic laminated composite we define F:

pF(oa.p, Oa.+(/)2, Oa.+(m)2' +(/)2' +(m}2)

1 ftd!
= d +d PfFf(0a.P+Xffl0<x+(fl2' +(/}2) dXtf)

f m -tdJ

1 f
tdm

- -2 -2
+ -dd PmFm(°<xP + X(m}0<xW(m)2, W(m)2) dX(m}'

j+ m -tdm

In the continuum model the constitutive equations (4.5)-(4.9) thus reduce to

-a. of
T = po(oji)

<X2 _ of
flM(f) - Po(a + )

<X (Il2

_ <X2 _ of
(1 ry)M(m) - P0(0 + )

a. (m)2

T2 oP
(1-'1) (m) = p~.

'Y(m)2

In component form equations (4. 11H4.15) become

- 2 oP
1J7(f) I = P~

U'Y(f)2

- 2 of
(1-1J)1(m) I = P~,

'Y(m}2

where we have employed

oj) = (Oa.X')g1

0a.W(f)2 = (l/J(f)21;a.~

Oa.+(m)2 = (l/J(m)/<x)g"

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)
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In (4.21), we have introduced the total covariant derivative

l/!(f)2';a = oal/!(f)2'+ 11n}l/!(f)2nOaXi

l/!(m)/a = 0al/!(m)2' + 11n}l/!(m)2nOaXi.

From (2.42) we can show that

X',K = g'L(b L
K+ UL;K)'

Using (3.44), (4. 16H4.20) and (4.23), we obtain

f'rl' = p o~
o(UK;a)

- 2K of
t] M(f) = p--::-:-:-----,-

O(l/!(f)2K;a)

(1 )Ma2K of
-t] (m) = PO(,f, )

'+'(m)2K;a

pK _ of
t] (f) - P .'1(./, )

U '+'(f)2K

'P2K of
(1- t])T(m) = P 8(l/! )

(m)2K
where

UK;a = OaUK-{KMa}UM

l/!(f)2K;a = oal/!(f)2K - {KM a}G l/!(f)2M

l/!(m)2K;a = 0al/!(m)2K- {KMaL l/!(f)2M'

5. LINEAR THEORY OF AN ISOTROPIC CURVILINEAR
LAMINATED COMPOSITE

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)

(4.27)

(4.28)

(4.29)

For most applications the infinitesimal theory of elasticity is quite adequate and con
siderably simpler than the finite theory. In this section we present the infinitesimal theory of
an isotropic curvilinear composite. If the strains and rotations are smalL then the strain
energies of the kth reinforcing and matrix layers can be approximated by

AJ - K 2 - K - L
PJF(fk) = 2(Euk) K) + /lJE(Jk) LE(fk) K

(5.1)
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where E(Jk)KL and E(mk)KL are the infinitesimal strain tensor of the kth reinforcing and matrix
layers, respectively:

From (2.29) we see that

E- - l(U(Jk) U(Jk»
Uk)KL - 2" K;L + L;K

E- - l(u(mk) + u(mk»
(mk)KL - 2" K;L L;K'

(5.2)

(5.3)

E- - 1.iU-(Jk) U-(Jk» lX-2 (,I,(Jk) .1,(Jk»
(Jk)«(1 - 2\ 11.;(1 + (1;11. + 2 (J) '1'11.;(1 + 'I' (1;11.

- 1 -Uk) (Jk) 1-2
EUk )2(1 = E(Jk)(l2 = 1{U2;(1 + l/!(J)2(1)+2"X(J)l/!(J)22;(I

E(Jk)22 = l/!(Jk)22,

and similarly for E(mk)KL' Substituting (5.1) and (5.3) into (4.4), and passing to the continuum
model, (4.10) for an infinitesimal isotropic laminated composite becomes:

pF'(UK;I1.,l/!(J)2K;I1.' l/!(m)2K;I1.' l/!(J)2K' l/!(m)2K)

= !A(EI1.11.)2 + /1EI1.(lE(l11. +AJYfEI1.I1.l/!(J)22 +Am(1- Yf)EI1.11.l/!(m)22

+ (AJ+ 2 /1J)YJ(.I, )2+ (Am+2/1m)(1- YJ )(.I, )2+ l/1GI1.(lU U
2 'I'(J)22 2 'I'(m)22 2" 2;11. 2;(1

where we have defined
- 1 - -
Eap = 2"(UI1.;P+Up;l1.)

E(J)«2P = !(l/!(J)211.;P + l/!(fl2P;I1.)

E(m)«2p !(l/!(m)211.;P + l/!(m)2(1;J

and

(5.4)

(5.5)

(5.6)

(5.7)

(5.8)
). Aft! +AmO - YJ)

/1 = /1fYf + flm(1 YJ).

Using (5.4) in (4.24}-(4.28) we obtain the following constitutive equations for an isotropic
elastic curvilinear laminated composite:

Tap = [AE1'1' + AfYJl/!(f)22 + Am(1-Yf)l/!(m)22JG 11.(1+ 2flEI1.p

1p2 = flU 2;P + flfYJl/!(J)2p + flm(1-Yf)l/!(m)2P

M (f) - J [1 E(f)1' ?'i +2 E(f) ]11.2P - f II.J 21'vl1.P flJ 11.2(1

(5.9)

(5.10)

(5.11)
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M;[j2 = }J}1Jl/J(f)22;a (5.12)

-(f) - (5.13)T 2P = }1J( U 2;{J +l/J(J)2P)

Ttl = A/tYy +(AJ +2}1J)l/J(f)22 (5.14)

M(m) -} [A E(m)y G +2 Elm) J (5.15)a2p - m m 2y a{J /lm a2p

Mlm) -} l/J (5.16)a22 - m}1m Im)22;a

f<iiJ = }1m([J2;{J+l/J(m)2P) (5.17)

T'2
mi = AmEYy+(Am+2/lm)l/J(m)22' (5.18)

6. CYLINDRICAL AND SPHERICAL LAMINATED BODIES

The balance laws and constitutive equations presented in the previous sections have
been written in tensor notation. In the application of these equations to a laminated com·
posite with a specific geometry it is necessary to express the constraint condition (4.29),
the balance laws (4.26H4.28) and the constitutive equations (5.9)-(5.18) in terms of the
physical components of the tensors. In this section we carry this out for cylindrical and
spherical laminated composites.

(a) Cylindrical laminated bodiest

We choose Xl = z, X2 = rand X 3 = e. Thus the metric tensor and its inverse are given
by

(6. J)

and the nonvanishing Christoffel symbols are

(6.2)

We introduce the physical components D, "'2(J)' "'2(m), 'fa, 1:,2, Mi}) , Mi;) , 'fit), Tfm) ,

(6.3)

(6.4)

t A direct calculation of these equations has been given by Chou and Achenbach[8].
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(

M 121(f)

M 321
(f)

etc.

We can write (4.29), (4.26H4.28) and (5.9H5.18) as

Constraint conditions.

O,.Ur = Yft/JV/ +(1- Yf)t/J~";)

0rU8 = Yft/JVJ+(1-Yf)t/J~m;

0rUz = Yft/JV1+(1-Yf)t/J~~).

Balance of linear momentum.

Moment ofmomentum.

!::l M(f) ::l M(f) -!M(f) ~ _ -(f) l(i) _ ,i;(f)U8 82,.+Uz z2,. 828+~,.,. T 2,. +Pf 2,. - PfJf'+'2,.r r

1~ M(f) ~ M(f) ~ T-(f) l(f} J .i;Cfl-uo 82z+ U z z2z+~"z- 2z+Pf2z =Pf f'Y2zr
and

1 ~ M(m) + ;l M(m) 1M(m) ~ T-(m) LIm) J ,i;(m)-u8 02,. U z z2,.-- 020+~rr- 2,. +Pm 2r = Pm m'Y2rr r

10 M(m) + ~ M(m) 1M(m) ~ T-(m) [(m) 1 ,i;(m)
- 8 028 U z z28+- 02,,+~,.8- 20 +Pm 28 = Pm"'m'Y28r r

!a M(m) + ;l M(m) + ~ - T-(m) + [(rII) - J ,i;(m)
8 /J2z U z z2z ~,.z 2z Pm 2z - Pm m'Y 2z .r
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(6.5)

(6.6)

(6.7)

(6.8)

(6.9)

(6.10)

(6.11)

(6.12)
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Constitutive equations.
Gross stress tensor

R. A. GROT

(6.15)

(6.14)

(6.13)

Te8 = AOzUz+ ~IJIjJv..) +Am(l- r])IjJ~"p+(A+ 2Jl)(~08U8+~ Ur)

- (1 - 1_) f)
Tzz = A -;:08U8+-;:Ur +~IJIjJ~r +Am(l-IJ)IjJ~"P+(A+2Jl)ozUz

Tez = T.8 = JlU08UZ+OZU8)

Ter = Jl(~08Ur - ~8) + JlJIJIjJVJ +Jlm(l-IJ)IjJ~mJ

T.r = JlOz Ur + JlJIJ IjJV; + Jlm(l -IJ)1jJ~"P.

Moment of stress

MW8 = JJ[AJOzIjJV} + (AJ+2JlJ)(~08IjJVJ+~IjJV;)]

M<flz = JJ[AJU08IjJVJ+~IjJV;) +(AJ+ 2JlJ)OzIjJV)]

M(f) = M(f) = J Jl (~o 1jJ(J)+0 1jJ(f))82= z28 J f r 8 2z z 28

MWr = JJJlJ( ~081jJv..) - IjJ!J)

M(f) - J ;:\ ./,(f)z2r - JJlJUz'l' 2r

Stress average

-ef) _ ( 1 - U8 (f))T1.8 - JlJ -;:08Ur--;:+1jJ28

f(f) = II (0 U + ./,(f))
2z rJ z r 'I'2z

-(f) _ ( 1 - 1- - ) (f)T 2r - AJ -,:08U8+rUr+OzUz +(AJ+2JlJ)1jJ2r'

(b) Spherical laminated bodies

We choose Xl = cp, X 2 = r, X 3 = e, where r is the length of the radius vector, eis the
angle between the radius vector and the z-axis and cp is the angle between the projection
in the X - Y plane of the radius vector and the X -axis. Thus the metric tensor and its inverse
are given by

1
0 0

_ [" sin' R
0

lJ
r2 sin2 e

[GKL] = 0 [GKL
] = 0 1 0 (6.16)

0 0 0 0
r2
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(6.23)

(6.18)

(6.21)

(6.19)

(6.22)

(6.20)

(6.17)

{2 \}G = L12} G :.

{3 23} G = -r,

{3 3 2} G = {2 3 3t =~.

(

. '[11

'[31

etc.
Using (6.16)-(6.23) in (4.29), (4.26)-(4.28) and (5.9)-(5.18), we have

and the nonvanishing Christoffel symbols are

{ 3 } = _ sin f) cos f),
1 1 G

{3 II} G = {I 1 3} G = cot f),

{ 2 } = _ r sin2 f)
1 1 G '

We introduce the physical components of 0, W(f)2, etc., as

(lJl U2 U3) = (Urp U U8
)

" r sin f) , " r

'[12 '[13) = (" ;::, 0 ,;:0

'[32 '[33 ~ 18r
r2 sin f) r

Constraint conditions.

OrUr = '1t/JV)+(l-'1)t/J~";)

0rU8 = '1t/JVJ+(l-'1)t/J~mJ

'" -u - ,I,(f) + (1 _ ),I,(m)
U r 'I' - '1'1' 2'1' '1 'I' 2'1'·

(6.24)

Balance of linear momentum.

(6.25)
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Moment of momentum.
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1 "l M(f) + 1 "l M(f) + 1( t ()M(f) M(f) M(f)) +~ T-(f) + l(f) _ J .i;(f)
-Uo 02r -.-()ucp cp2r - co 02r- 020- '1'2'1' '""rr- 2r Pf 2r - Pf f'l'2rr rsm r

1 "l M(f) + 1 "l M(f) + 1(M(f) + t ()M(f) t ()M(f) ) +~ T-(f) t(f)
-uO 020 -.-()ucp '1'20 - 02r co 020- CO '1'2'1' '""rO- 20+Pf20r rsm r

1 "l M(f) + 1 "l M(f) _ 1(M(f) + t ()M(f) t ()M(f) ) +~ T-(f) l(f)
-uO 02'1' -.-()ucp cp2cp - cp2r co cp20+ CO 02'1' '""rcp- 2cp+Pf 1'1'r rsm r

and

(6.26)

1 "l M(m) + 1 "l M(m) + 1( t ()M(m) M(m) M(m») +~ T-(m) + LIm) _ J .i;(m)
- Uo 02r -.-()ucp cp2r - co 02r- 020- '1'2'1' '""rr- 2r Pm 2r - Pm m'l'2rr rsm r

1 "l M(m) + 1 "l M(m) + 1(M(m) + t ()M(m) t ()M(m) ) +~ T-(m) + t(m)
-Uo 020 -.-()ucp '1'20 - 02r CO 020- CO '1'2'1' '""rO- 20 Pm 20r rsm r

1 "l M(m) 1 "l M(m) + 1(M(m) + t ()M(m) t ()M(m) ) +~ T-(m) t(m)
-uo 02cp+-.-()ucp '1'2'1' - cp2r CO cp20+ CO 02'1' '""rcp- 2cp+Pm 2'1'r rsm r

_ "(m)
- PmJml/J2cp,

Constitutive relations.

Gross stress tensor

(6.27)

(6.28)
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Moment of stress

Stress average

and similarly for the matrix.

7. CONCLUDING REMARKS

461

(6.29)

(6.30)

We have presented, in the form of a continuum model, the kinematics, dynamics and
constitutive equations of a curvilinear laminated material. The kinematics and dynamical
balance laws have been derived in such a way that they are independent of the material
composition of the layers. Though we have presented the constitutive theory for elastic
materials, the treatment for more general classes of materials follows readily. In particular,
for linear viscoelastic materials one need only replace the constants in equations (5.9)
(5.18) by their corresponding convolution integrals (cf. [3]). The inclusion of thermo
dynamical effects requires an analysis of the temperature and the energy equation similar
to the one presented in [3]. We leave these generalizations to future work.

One can, of course, question the validity of a two term expansion in describing the
behavior of a curvilinear laminated body. Ultimately the proof of such an approach rests
with a comparison of the results of the approximate theory presented here with either
exact solutions and/or experimental investigations. However, it is expected that if the
ratio of the thickness of the layering to the radius of curvature of the layering is small,
the approximated theory presented here should be as adequate as the approximate theories
of plane laminates presented in Refs. [1-4].



462 R. A. GROT

Acknowledgment-The author wishes to thank Professor J. D. Achenbach for his many useful comments,
suggestions and discussions during the writing of this manuscript.

REFERENCES

[I] C. T. SUN, J. D. ACHENBACH and G. HERRMANN, Continuum theory for a laminated medium. J. appl. Mech.
35, 467 (1968).

[2] J. D. ACHENBACH, C. T. SUN and G. HERRMANN, On the vibrations of a laminated body. J. appl. Mech. 35,
689 (1968).

[3] R. A. GROT and J. D. ACHENBACH, Linear anisothermal theory for a viscoelastic laminated composite.
Acta Mech. IX/3-4, 245 (1970).

[4] R. A. GROT and J. D. ACHENBACH, Large deformations of a laminated composite. Int. J. Solids Struct. 6,
641 (1970).

[5] T. Y. THOMAS, Concepts from Tensor Analysis and Differential Geometry. Academic Press (1965).
[6] A. C. ERINGEN, Nonlinear Theory of Continuous Media. McGraw-Hili (1962).
[7] C. TRUFSDELL and R. TOUPIN, The Classical Field Theories, Handbuch der Physik III/I. Springer-Verlag

(1960).
[8] T. H. CHOU and J. D. ACHENBACH, Field equations governing the mechanical behavior of layered cylinders.

AIAA Jn18, 1444 (1970).

(Receil'ed 29 March 1971; rel'ised 2 September 197 I)

A6cTpaKT-)l.aIOTcli KloIHeMaTIof'fecKlofe, )J.lofllaMIof'feCKlofe Iof KOHCTIofTYTIofBHble ypaBHeHlofli npIof6J1Iof)KeHIlOH
Teoploflof )J.JllI KPIofBOJlIofHeHHOro CJlOJKHOrO MaTeplofaJla. Ha'fIofHali )J.ByMlI 'fJleHaMIof pa3J10JKeHlofll nepeMellHblx
nOJlll BOKpyr cepe)J.IofHHbIX nOBepxHocTeH )J.lofcKpeTHblx CJlOeB, nOKa3allo, 'ITO ,l:\ecjJopMal\lofll KPIofBOJlIIHeH
Horo CJlOIlCTOro MaTeplofaJla B nepBOM nplof6J1I1JKelllllof onlofcaHa nOJlllMIof Tpex BeKTopoB, Y'fIofTbIBaIOIl\IofMIof
nOJlHOe )J.BIofJKeHlle II JlOKaJlbHble )J.ecjJopMal\lIlof. Onpe)J.eJllllOTClI 3aKOH ,l:\IofHaMIof'feCKOrO paBHOBeClofll 113
cyMMapHblX HanpllJKeHIofH Iof MOMeHTOB HanpllJKeHIofH. )l.alOTclI cjJOpMyJlbI KOHCTIofTYTIofBHOH Teoploflof )J.JllI
HeJlIofHeHHbIX ynpyrlofx MaTeplofaJlOB. 06CYJK)J.aeTcll ynpOll\eHHbIH BaplofaHT JlIofHeHHbIX KOHCTIofTYTIofBHblX
ypaBHeHIlil:. )l.alOTclI Cnel\lIcjJlof'feCKlofe cjJOPMbI 3aKOilOB paBHOBeClofll Iof KOHCTIofTYTIofBHblX ypaBlleHIofH ,l:\JllI
lIIofJlIIH,l:\PIof'fecKIofX Iof ccjJeplof'feCKIofX CJlOIofCTblX TeJl.


